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J^TJ' Abstract. Let rj{iT, s) denote the number of cells, colored j, in the s-residue 

^ ' diagram of partition tt. The GBG-rank of n mod s is defined as 



< 



o 
u 



o 






s-1 



GBG-rank(7r, s) = ^rj{n,s)e'^^ , I = y^l. 

'sf ; 3=0 

We will prove that for (s, t) = 1 

/s + t\ 



u{s,t) < 



s + t 
where u{s,t) denotes a number of distinct values that GBG-rank of a t-core 
mod s may assume. The above inequality becomes an equality when s is prime 
or when s is composite and t < 2ps, where ps is a smallest prime divisor of s. 
C^ 1 We will show that the generating functions for 4-cores with prescribed GBG- 

rank mod 3 value are all eta-products. 



(N 

>, 
t^^ , 1. Introduction 

\l ' A partition tt is a nonincreasing sequence 



(Ai, A2, . . . , A^) 



QP ■ of positive integers (parts) Ai > A2 > A3 > • • • > A,y > 0. The norm of tt, denoted 

^"^ ' IttL is defined as 



Ea. 



i=l 
?—( ' 

j^ ' If |7r| = n, we say that tt is a partition of n. The (Young) diagram of tt is a 

convenient way to represent tt graphically: the parts of tt are shown as rows of unit 
squares (cells). Given the diagram of tt we label a cell in the i-th row and j-th 
column by the least nonnegative integer = j — i mod s. The resulting diagram is 
called an s-residue diagram [7] . One can also label cells in the infinite column and 
the infinite row in the same fashion. The resulting diagram is called the extended 
s-residue diagram of tt [Ij . With each tt we can associate the s-dimensional vector 

r(7r, s) = (ro,ri,...,rs_i), 
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where ri,0<i<s—lis the number of cells of tt labelled i in the s-residue diagram 
of IT. We shall also require 

n(7r, s) = (no,ni,. ..,ns-i), 

where for < i < s — 2 

■Hi = n -n+i, 

and 

Note that 

where 



Us-i =rs -ro- 



n ■ L = y^ rij = 0, 

i=0 



1, = (l,l,l,...,l)ez^ 

If some cell of tt shares a vertex or edge with the rim of the diagram of tt, we call 
this cell a rim cell of tt. A connected collection of rim cells of tt is called a rim hook 
of TT if 7r\(rini hook) is a legitimate partition. We say that tt is a i-core, denoted 
"""t-coro, if its diagram has no rim hooks of length t [7]. The Durfee square of tt, 
denoted D{tt), is the largest square that fits inside the diagram of tt. Reflecting the 
diagram of tt about its main diagonal, one gets the diagram of tt* (the conjugate 
of tt) . More formally, 

with A* being the number of parts oi tt > i. Clearly, 

D{tt) = D{tt*). 
In [2] we defined a new partition statistic of tt 

(1.1) GBG-rank(7r,s) :=^r,(7r,s)w^, 

1=0 

where 

LUs ^ e ' 
and 

/= V^- 
We refer to this statistic as the GBG-rank of tt mod s. The special case s = 2 was 
studied in great detail in [5] and [3]. In particular, we have shown in [5] that for 
any odd t > 1 

(1.2) GBG-rank(^t.core, 2) = ^'=°^ ^ 

and that 



(1.3) 



t- 1 



<GBG-rank(7rt_core,2)< 



i+1 



where \_x\ is the integer part of x. Our main object here is to prove the following 
generalizations of l\l.'2\\ and (|1.3p . 

Theorem 1.1. Lett,s E Z>i and {t,s) = 1. Then 

Y^*-l , .i+l/, ,*"i(^t-core.*) 1^ 
2^i=Q ^s [^s - i-) 



(1.4) GBG-rank{TTt-core,s) 



(1-^.)(1-^*) 



THE GBG-RANK AND t-CORES I. COUNTING AND 4-CORES 3 

Theorem 1.2. Let v{s,t) denote the number of distinct values that GBG-rank of 
T^t-core mod s may assume. Then 



(1.5) v{s,t) < 



t + s 



t + s 

provided (s, t) — 1. 
Theorem 1.3. Let i'{s^t) he as in Theorem 1.2 and {s,t) — 1. Then 



(1.6) v{s,t) 



t + s 



t + s ' 



iff either s is prime or s is composite and t < 2ps, where ps is a smallest prime 
divisor of s. 

Our of proof of this Theorem depends crucially on the following 

Lemma 1.4. Let s,t G Z>i and {s,t) = 1. Let j = {,Jo,ji,.-.,jt~i), j = 
ijoijii ■ ■ ■ J jt-i) be integer valued vectors such that 

(1.7) < Jo < Ji < • • • < Jt-i < s - 1, 



(1.8) 0<jo<Ji <---<Jt-i <s-l, 

and 

t-i t-i 

(1.9) J2^i' = j2^ 

i=0 i=0 



t-1 t-1 

(1.10) n^''=n^^ 

i=0 i=0 

Then 



iff either s is prime or s is composite such that t < 2ps, where Ps is a smallest 
prime divisor of s. 

The rest of this paper is organised as follows. In Section 2, we collect some 
necessary background on i-cores and prove Theorems 1.1 and Theorem 1.2. Section 
1.3 is devoted to the proof of Lemma 1.4 and Theorem 1.3. Section 4 deals with 
4-cores with prescribed values of GBG-rank mod 3. There we will provide new 
combinatorial interpretation and proof of the Hirshhorn-Sellers identities for 4- 
cores [6j. We conclude with the remarks connecting this development and that of 
[in] and p. 



4 alexander berkovich and frank g. garvan 

2. Properties of the GBG-rank 

We begin with some definitions from [4]. A region r in the extended i- residue 
diagram of tt is the set of all cells («, j) satisfying t{r — 1) < j — i < tr. A cell of 
TT is called exposed if it is at the end of a row of tt. One can construct t bi-infinite 
words Wo,Wi, . . . , Wt-i of two letters N, E as follows: The rth letter of Wi is E 
if there is an exposed cell labelled i in the region r of tt, otherwise the rth letter of 
Wi is N. It is easy to see that the word set {Wq, Wi, . . . , Wt_i} fixes tt uniquely. 
It was shown in 4J that tt is a i-core iff each word of vr is of the form: 

Region : rii^i Ui n,,+i nj+2 

(2.1) Wo : E E N N 

For example, the word image of Tra-corc — (4, 2) is 



Region 
Wo 
Wi 

W-2. 



-1 1 2 3 

E E E E N 

E N N N N 

E N N N N , 

while the associated r and n vectors are r = (ro, ri, r2) = (3, 1, 2), n = (no, ni, ^2) 
(2, —1, —1), respectively. In general, the map 

0(7rt-core) = n(7rt_core, t) = {no, ^i, . . . , Tlt-l) 

is a bijection from the set of i-cores to the set 

{ne Z* : n- 1 = 0}. 

Next, we mention three more useful facts from |3]. 
A. 

I I *i 

(2.2) TTt-core = 7:|n 



2 



where bt = (0, 1, 2, . . . , t - 1). 
B. 

(2.3) '^m^ - ^ Til = D{-Kt-covc), 

iGPi ieP-1 

where Pa ^ {i e Z : < i < t - l.an^ > 0}, a = -1, 1. 

C. 

Under conjugation 'pi'Kt-corc) transforms as 

(2.4) (no, ni,n2, . . . , rit-i) ^ {~nt-i, -nt-2, • • ■ , -"-o)- 

We begin our proof of the Theorem 1.1 by observing that under conjugation 
GBG-rank transforms as 

s-l s-1 

(2.5) GBG-rank(7r, s) = ^ r,w* =^ GBG-rank(7r*, s) = ^ r,Lj;\ 

i=0 4=0 

Next, we use that 

(2.6) GBG-rank(7r, s) = GBG-rank(7ri, s) + GBG-rank(7r2 , s) - D. 

Here, tti is obtained from the diagram of TTf.corc by removing all cells strictly below 
the main diagonal of 7rt_coro- Similarly, 7r2 is obtained from 7rt_corc by removing the 
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cells strictly to the right of the main diagonal. 
Recalling ([27T|) and (fO|) we find that 



m i+t{k-l) j + l/1 tn\ 

- -» (l-wJ(l-t^*)' 



Analogously, 



D >^ cj*-*(l-tj7*"') 



(2.8) GBG-rankK, •^) = ^ E n Vi 



where we made use of (|2.4p . 
Clearly, ((2?5|l and ((2^ imply that 



.,P_,(i--.)(i--D' 



(2.9) GBG-rank(.„ .) = -^ - ^ "'^'^^ "-"',\ ■ 

1-Ws ^1^^ (1-Ws)(l-W*) 

Next, we combine HTM. (l27t and (Hjl) to find that 



GBG-rank TTt.coro, s) = - V tj rr. ^ = V tj ttj ^, 

»eP-iU-Pi «=o 

as desired. 

Our proof of Theorem 1.2 involves three observations, which we now proceed to 
discuss. 
Observation 1: 

Let ar{s, t) denote the number of vectors j = {jo,ji, ■ ■ ■ ,jt-i) such that 

< jo < ji < J2 < • • • < jt-i < s, 
^jk = r mod s. 

k=0 

Then 

(2.10) iy(s,t)<at(t+i)(s,t), 

2 

provided {s,t) = 1. 
Proof. 

Suppose (s,i) = 1. It is clear that the number of values of the GBG-rank of 
<-cores mod s is the number distinct values of 

1=0 

where n S Z* and n • 1( = 0. Given any such n- vector we reduce the exponents 
1 + i + trii mod s and reorder to obtain a j-vector such that 
t-i t-i 

Y^jk = Y^l + i + tn,= '-^^ (mods). 

fc=0 i=0 

It follows that 

v{s,t) < Q t(t+l) (s,t). 
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Observation 2: 

(2.11) |]a,(5,t)=(^ + 'p^ 

This result is well known and wc omit the proof. Finally, we need 
Observation 3: 
If {s,t) = 1 then 

(2.12) ao(s,i) = ai(s,t) = • • • = as-i{s,t). 

Proof. 

There exists an integer T such that T • t = 1 mod s, because s and t are coprime. 

This implies that 

t-i t-i 

^(j, +T)=l + ^j, mods. 

1=0 1=0 

Consequently, ar{s,t) = ar+i{s,t), as desired. Combining ()2.10|) . ()2.11|) and ()2.12p 

we see that 

s - 1 + t\ /s + t^ 

, ... . t I \ t 

v[s,t) < a t(t+i) 

2 s s + 1 

and we have Theorem 1.2. 



3. Roots of unity and the number of values of the GBG-rank 



It is clear from our proof of Theorem 1.2 that 

\s + 1 



v{s,t) = 



s + t 
iff each j = (jo, ji, • ■ • , jt-i) such that 

< Jo < ji < • • ■ < jt-i < s, 

t-i 



t(*+i) 



LUi' ^ U!. 
1=0 



is associated with a distinct complex number X]i=o'-^s'- Lemma 1.4 tells us when 
this is exactly the case. This means that Theorem 1.3 is an immediate corollary of 
this Lemma. To prove it we need to consider six cases. 
Case 1. 

s is prime, (s,t) = 1. Note that 

^s{x) ■.^1 + x + x'^ -\ h a;'"^ 

is a minimal polynomial of uJs over Q. Let us now define 

i-l 

(3.1) pi(x):=^(.T-'"»-.T^^O, 

1=0 

where j and j satisfy the constraints (|1.7p - (jl.lOp . It is clear that 
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Pl(l) = 0, 

and that deg(pi(a;)) < s. But (x — l)^six) divides pi{x). This implies that pi{x) 
is identicaUy zero and j = j, as desired. 
Case 2. 

Here s is composite, (s, t) = 1 and t < 2ps, where p^ is a smaUest prime divisor 
of s. Once again p.9p imphes that 

Pi{ujs) = 0. 
Moreover, the sth cyclotonic polynomial, defined as 

(3.2) $,(x):= H {x-u;i), 

0<]<s, 

is a minimal polynomial of LOg over Q. This means that 

(3.3) pi{cjT) - 0, 

for any 1 < to < s such that (s, m) = 1. In particular, we have that 

(3.4) pi{Lu':)=0, l<fc<p.-l. 
At this point, it is expedient to rewrite (|3.4[1 as 

(3.5) hkiLu^,...,uji^-')^hk{L^,...,u^-'), l<k<ps-l, 

where 

hk{xi,X2,-. .,Xt) = Xi+X2-\ ha:?. 

Next, we use Newton's theorem on symmetric polynomials to convert (j3.5p into 
Ps — 1 identities 

(3.6) ak{L^^',...,Lu^-')=ak(ioi^',...,Lu^-'), 1 < k < p, - 1, 

where the fcth elementary symmetric polynomials cr^'s in xi,X2, ■ ■ • ,3^* are defined 
in a standard way as 

(3.7) ak{xi,X2,-.-,xt) = ^ Xi^Xi^- --Xi^, l<k<t. 

I<ii<i2<...<ik<t 

Note that we can rewrite (jl.lOp now as 

(3.8) a,(a;f , . . . ,c.^'-) = at{ujf , . . .,Jr')- 
But 

(3.9) atcrl=at~k, 
where 

al{xi,X2, . . . ,Xf) = c^fe(a;^^2^2"^ ■ • • .a;^^)- 
This fortunate fact enables us to convert (|3.6p into Ps — 1 identities 

(3.10) ak{uji°,...,ujl'-') = akiujl°,...,u;]^-'), t - p, + 1 < k < t ^ 1. 

But t < 2ps, and so, t — ps + 1 < p^. This means that we have the following t 
identities 

(3.11) afe(c^f,...,c^f-^) = afe(c^f,...,c^f-^), l<k<t. 
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Consequently, 

t-i t-i 

4=0 1 = 

Recalling that j, j satisfy (II. 7|) and ()1.8|) . we conclude that j = j. 

Let us summarize. If s is a prime or if s is a composite number such that t < 2ps, 

then j = j, provided that {s,t) = 1 and j,j satisfy (|1.7p - (|1.10p . 

It remains to show that j = j does not have to be true if s is a composite number 

and t > 2ps. To this end consider 



if s = 4, t > 4, 



j : 


= (0,0,.. 


.,0,1,1,3,3) eZ*, 


j : 


= (0,0,.. 


.,0,0,0,2,2) eZ*, 


j : 


= (0,0,.. 


.,0,1,1,4,4)gZ*, 


j : 


= (0,0,.. 


.,0,0,2,3,5) gZ*, 


j : 


= (0,0,.. 


.,0,3,3,6,6) eZ*, 


j : 


= (0,0,.. 


.,0,l,2,4,5,7,8)eZ*, 



if s = 6, i > 4 and 



ii s = 9, t > 6, respectively. It is not hard to verify that j, j satisfy (|1.7p - (|1.10p and 
that j 7^ j in these cases. It remains to consider the last case where s is a composite 
number 7^ 4, 6, 9, t > 2^^. In this case s > 3ps- And, as a result, 

3 + —{ps-l) < s. 

Ps 

Let us now consider 

j: = (0,0,...,0,2,2,2+-,2 + -,...,2 + -(p,-l),2+-(p3-l))eZ*, 

Ps Ps Ps Ps 

I : = (0, 0, . . . , 0, 1, 3, 1 + -, 3 + -, . . . , 1 + —{ps - 1), 3 + -(p, - 1)) G Z*. 

Ps Ps Ps Ps 

Again, it is straightforward to check that j,j satisfy p.7p - (|1.10p and that j 7^ j. 
This completes our proof of Lemma 1.4. 
We have an immediate 

Corollary 3.1. Theorem 1.3 holds true. 

To illustrate the usefulness of Theorem 1.3, consider the following example: 

^4 + 3^ 



s = 3, t = 4. In this case we should have exactly ^ ^ , ^ ^ = 5 distinct values 
of GBG-rank(7r4-core, 3). To determine these distinct values we substitute the fol- 
lowing n-vectors (0, -1, 1,0), (0,0,0,0), (-1,0,0,1), (0,0,-1,1), (-1,1,0,0) into 
(jl.4p to obtain — 1, 0, 1, — W3, — w|, respectively. To verify this we note that there 
are exactly 27 vectors such that 

n e Z3 and n • I4 = mod 3. 

In Table 1 we list all these vectors together with the associated GBG-rank mod 3 
values, determined by (|1.4p . These vectors will come in handy later. 



THE GBG-RANK AND t-CORES I. COUNTING AND 4-CORES 



n vectors 


GBG-rank values 


ni = (0,-1,1,0) 


-1 


n2 = (0,0,0,0) 





n3 = (1,1,-2,0) 





n4 = (-1,-1, 1,1) 





ns = (0,-1,-1,2) 





n6 = (1,-1,0,0) 





n7 = (0, 1,-2,1) 





n8 = (2,-1,-1,0) 





ng^ (0,0,1,-1) 





nio = (0,1,-1,0) 





nn = (-1,0,1,0) 





ni2 = (1,-1,1,-1) 





ni3 = (0,-1,0,1) 





ni4 = (1,1,0,-2) 




ni5-(-l, 1,-1,1) 




ni6 = (2,0,-1,-1) 




ni7- (1,0,0,-1) 




ni8 = (1,1,-1,-1) 




ni9- (-1,0,0,1) 




n2o- (1,0,-1,0) 


—^3 


n2i = (1,0,-2,1) 


—^3 


n22 = (1,-1, -1,1) 


-UJ3 


n23 = (0,0,-1,1) 


-^3 


n24 = (-1,1,0,0) 


-^3 


n25 = (-1,1,1,-1) 


-CJ3 


n26 = (-1,2,0,-1) 


-w| 


n27 = (0,1,0,-1) 


2 



Table 1. 



4. The GBG-rank of 4-cores mod 3 



Let Gt{q) denote the generating function for t-cores. 
(4.1) Gtiq) := Y. 9'"*-™'"'- 

^t-core 

Let P be the set of all partitions and Pf-core be the set of all t-cores. There is a 
well-known bijection 

4>:P^ Pt-cove xPxPxP...xP 

which goes back to D.E. Littlewood [9] 

0(7r) = (7rt-core,7ro,7ri, . . . ,7rf_i) 

such that 

t-i 

kl = |7rt-core| +*X! I^*'' 

i=0 
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The multipartition (ttq, tti, . . . , nt-i) is called the t-quotient of tt. The immediate 
corollary of the Littlewood bijection is 

(4.2) ^*('^) = W' 
where 

(4.3) E{q):^l[{l^q^). 

On the other hand, formula (|2.2p suggests Hj that 

(4.4) Gt{q)= Yl '7^l"l'+"-''S 

nlt=0 

SO that 



(4.5) Y. 9^'"'' 



-nbf 



E\q*) 



E{q) ■ 

ntzZj . 
nlt=0 

The above identity was first obtained by Klyachko [8], who observed that it is a 
special case of At-i MacDonald's identity. An elementary proof of (|4.5p can be 
found in [2]. Next we define 



(4.6) <?c(g) = E 



9 



"^4-0010 



GBG-rank(7r4_(.o,.(,,3)=c 

In other words, gdo) is the generating function for 4-cores with a given value c of 
the GBG-rank mod 3. ^From the discussion at the end of the last section it is clear 
that 

7714 (' 4 \ 

" '"'" - 9-iiq) + 9oiq) + gi{q) + g-i^Aq) + g^ujiiq)- 






y-^.i J 


E{q) 


It turns out that 


(4.8) 




(4.9) 




(4.10) 




(4.11) 




(4.12) 





9o{q) 



E{q^) ' 
^6(g6)^2(gl8) 

E'i[q^)E{q^-^)E{q^^y 
E^q'^)E^{q^^) 



5l('?) '^5(^3)^(^6)^(^,18 



E{q^)Eiq<^)E{q^ 

£;2(q9)^(ql2)^(g36) 



£;(g3) 

, £;2(g9)i;(gi2)jg(g36) 
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Hence 



eHq' 



E^{q'')E^q^'') 



E{q) E^{q^)E{q^'^)E{q^^) 

E\q'')EHq^^) 



(4.13) 



+ 2q 



E{q^)E{q^)E{q^^) 
,E'iq^)Eiq^')E{q^^) 



E{q^) 



^ E{q^) • 
We note that the identity 

foUows from (|2.5|) and the fact that tt is a t-core if and only if the conjugate tt* 
is. The identities equivalent to (|4.13|) were first proven by Hirschhorn and Sellers 
[6j. However, combinatorial identities (I4.7|1 - (I4.12|) given here are brand new. The 
proof of (|4.8p is rather simple. Indeed, data in Table 1, suggests that 



9-1(9) ^ ^ 1 

n-l4=0, 
n=ni mod 1% 



2|np+b4-n 



(4.14) 



E 

n-l4=rio+ni+ri2 +113=0 
nl4=0 



,9(2ln|^-rii+2ri2+n3) 



y^ „9(2|n|^+no+2fi3+3ft2) 



^ E{q^) 

where in the last step we relabelled the summation variables and used (|4.5p with 
t ~ A and q ^ q^ . 

In what follows we shall require the Jacobi triple product identity ([5J,II.28) 



J2 (-l)>"'z" = i?(g')N; g'loo, 



n— — 00 



(4.15) 

where 

[z;qU:^l[il-zq')(l- 
3=0 
and the formula ([5],ex.5.21) 

(4.16) 

where 



-A+j 



U V 




ux,-,vy,-;q 


= 


X y J 


CXD 



U V 


V 


, — , vx, — ; q 


+ - 


y X J 


00 X 



X u 

xy,-,uv,-;q 

V 



V 



[zi, Z2, ■ ■ . , z„; (7J00 :— _[ J_[zi; qjoo- 
i=i 
Setting u — q^, v — q'^, x — q^ , y — q and replacing q by q^^ in (14.161) we find that 

(4.17) [g^ g^ g^']oo([g^ q'^U - g[g; q^^U) = [g, g^ g^; q'^U 
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Analogously, (I4.16|) with u = q^,v = q'^,x = q, y=l and q -^ q^^ becomes 

fA To\ r 5 l2i , r I2i [Q tQ tQ jQ 'jQ \oo 
(4.18) [q ;q U+q[q;q U^ [„o3„5.„121 " 

[Ht H I y T H Joo 

Finally, setting u = q^, v ^ q"^, x = q^ , y = 1 and q -^ q^^ in (|4.16p yields 

(4.19) b^ 9^ ?^']i, - h g^ ?^ g*^; ^^^loo + g[9^ ?'; «^']L- 

Next, we use again Table 1 to rewrite (|4.9p as 

(4.20) f; 5] g2|n| = +b,.n^^^(^)^ 

j=2 n-l4=0, 

n=nj mod Zj 

where 

(4.21, UM- ^=('')'='«'") 



£;3(g3)^(gi2)£;(g36)- 
Remarkably, (|4.20p is a constant term in z of the following identity 

13 oo 

(4.22) ^.,(z,g)=i?i(g) J2 q'^'^^'', 

j — 2 n— — oo 

where 

(4.23) Sj{z,q):= ^ g2|„|^+b..n^^^ j = 1, 2, . . . , 27. 

n=nj mod Z| 

Using simple changes of variables, it is straightforward to check that 

(4.24) zq^s,{zq^,q)^Sj{z,q), 

holds true for the following (i,j) pairs: (2,3), (3,4), (4,5), (5,2), (6,7), (7,8), (8,9), 
(9,6), (10,11), (11,12), (12,13), (13, 10), and that 

OO OO 

(4.25) zq^ Y. q^^^^{^^<fr= E 9'^^^^". 

n— — OO n— — oo 

Consequently, both sides of (|4.22p satisfy the same first order functional equation 

(4.26) zqV(V,9)=/(^,g)- 

Thus to prove (I4.22p it is sufficient to verify it at one nontrivial point, say z — zq := 
—q^^. It is not hard to check that 

(4.27) Si{zQ,q) = ss{zQ,q) =sii{zQ,q) = 0, 
and that 

(4.28) S3(zo, q) + sq{zo, q) = 55(29, q) + 512(20, g) = 0. 

We see that ()4.22p with z — zq becomes 
(4.29) 

oo 

S2{zo,q) + S6{zn,q)+S7{zo,q) + Sio{zo,q) + Si3{zo,q) ^ Ri{q) ^ q^^^z^. 
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Upon making repeated use of ()4.15|) and replacing q'^ by q we find that ()4.9p is 
equivalent to 

[q\ q^q^q'; q^'U + q[q\q\ q^ q'^U{[q';q'^]oo - q[q; q'']oo) 

/4 3Q\ +q[q^q'^,q'',q'^;q^'^]oo + q'^[q,q,q^,q'^;q^'^]oo 

E^q'^)E%q^) 



E'^{q^^)E{q^)E^{q)' 
We can simplify (1430]) with the aid of (|4l7l) as 



.4 6.121 ,r5.i2i , „r„. „i2i ^2 _ E\q^)E^{q^) 



(4.31) [g^ g''; q'^U{[q';q'^U + qh q'^UY - EHq^^)E{q^)EHq) ' 

Next, we use (|4.18l) to reduce (j4.3ip to the following easily verifiable identity 

[q^;q'rc.[q\q';q'']lo E\q^)E\q^) 



(4.32) 



[(7,g3,g^;gi2]2^ E^{q^^)E{q^)E^{qy 



This completes our proof of (|4.22|) . (|4.20p . We have (|49l) . as desired. 

The proof of (|4.10p is analogous. Again, we view this identity as a constant term 
in z of the following 



19 oo 

(" + !) r 
2 Z 



(4.33) ^s,(z,g) = i?2(g) ^ g' 

j — 14 n— — cxD 

where 

^2(g9)£;4(5l2) 



^^■^^) ^^('^) = '^i?(,3)i,(,6)^(,18)- 

Again, (|i:M)) holds true for the following {i,j) pairs: (14,15), (15,16), (16,17), 
(17,14), (18,19), (19,18). 

And so, both sides of (|4.33p satisfy (|4.26p . Again it remains to show that (|4.33p 
holds at one nontrivial point, say zi = ~q^^ ■ Observing that 

(4.35) 514(2:1, g) = si5(zi, g) = si9(zi, g) = 0, 

we find that (|4.33p with z = zi becomes 



(4.36) si6(zi,g) + si7(zi,g) + si8(zi,g) = i?2(g) ^ 



00 

(" + !) 



,9- 



q " z-{, 

71— — 00 

Again, making repeated use of (J4.15P and replacing q^ by q, we can rewrite (I4.36P 
as 

,,3 „i „6.„12l a„5. „12l „r„. „12l ^ I „r„2 „3 „3 „4. „12l 



[q\q\ q';q'']oo{[q^- q''U ' qW. q^'U) + q[q\q\q\q\ q' 
(4.37) _ ^4(^4)^2(^3) 



loo 



£;4(ql2)£;(g6)^(^2)- 



r 2, 12, 

If we multiply both sides of (I4.37P by [^4!^ii!]^ and take advantage of (|4.17p we find 
that 

/A QQ\ r 5 6 6 121 , r 2 3 1212 ^^(q )E'^{q^) [q^'iq^"^] 

(4.38) [q,q'',q'',q°;q ]oo + q[q,q;q ^ - 



E^{q^-^)E{q^)E{q^) [g4;gi2] 
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which is easy to recognize as ()4.19p . This completes our proof of (I4.33P and (|4.10|) . 
To prove (|4.11|) . (I4.12p we will follow well trodden path and observe that these 
identities are just constant terms in z of 

j=20+4:a ^^ ' n=-oo 

with a = and 1, respectively. 

To prove that both sides of (|i^ satisfy ((OS)) we verify that ((i?^ holds for the 
following {i,j) pairs: (20 + 4q, 21 + 4a), (21 + 4a, 22 + 4a), (22 + 4a, 23 + 4a), 
(23 + 4a, 20 + 4a) with a = 0, 1. It remains to verify ((439)) at 

z„ = -g6(i-2a)^ a ==0,1. 

Taking into account that 

for j = 20, 21, 22 and a = 0, 1, we find that 

which is easy to prove with the aid of ()4.15p . 
This completes our proof of ()4.1ip and ()4.12p . 



5. Concluding Remarks 

Making use of the Littlewood decomposition of vTf.corc into its s-core and s- 
quotient, 

0(7rt_coro) — (7rs-core,7ro,7ri, . . . ,7rs_i), 

together with 

1+cj, +w^H — ha),r^ = 0, 

it is not hard to see that 

GBG-rank(7rf_coro,s) = GBG-rank(7rs-core, s). 

In a recent paper |10j . Olsson proved a somewhat unexpected result: 

Theorem 5.1. Let s,t be relatively prime positive integers, then the s-core of a 
t-core is, again, a t-core. 

In [1], Anderson established 

Theorem 5.2. Let s,t be relatively prime positive integers, then the number of 

^s + t^ 



s 
partitions, which are simultaneously s-core and t-core is ^ , ^ . 

Remarkably, the three observations above imply our Theorem 1.2. 
Moreover, our Theorem 1.3 implies 

Corollary 5.3. Let s, t be relatively prime positive integers. Then no two distinct 
{s,t)-cores share the same value of GBG-rank mod s, when s is prime, or when s 
is composite and t < 2ps, where ps is a smallest prime divisor of s. 



THE GBG-RANK AND t-CORES I. COUNTING AND 4-CORES 15 

On the other hand, when the conditions on s and t in the coroUary above are not 
met, two distinct (s, i)-cores may, in fact, share the same value of GBG-rank mod s. 
For example, consider two relatively prime integers s and t such that 2 | s, s > 2, 
t > 1 + |, t ^ s + 1. In this case partition [l4~^, 2, 1 + |] and empty partition [ ] 
are two distinct (s, t)-cores such that 

GBG-rank([l5-i,2,l + |],.s) = GBG-rank([ ],s) =0. 
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